Decays of Four Intersecting Fluxbranes 
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We consider decays of four intersecting fluxbranes which are obtained by considering a higher 
dimensional Kerr blackhole with four angular momentum parameters, which is the maximum num- 
ber of angular momentum parameters in string/M-theory. As a result of the intersection, we get 
lower dimensional fluxbranes. Since generic magnetic fields break all supersymmetries, the resulting 
fluxbranes are unstable and will decay. Just as a single fluxbrane decays into the nucleation of 
spherical D6-branes; the intersecting ones decay into the nucleation of lower dimensional spherical 
branes. Contrary to a single fluxbrane case, the decay of four intersecting fluxbranes has additional 
decay channels. We also calculate the corresponding Euclidean action to obtain the decay rates. 
Although the action cannot be explicitly and simply written in terms of the magnetic parameters, 
we can extract some interesting results by taking various limits of the magnetic parameters. 



I. INTRODUCTION 

Obtaining an exact spectrum in nontrivial back- 
grounds is quite restricted in string theory. One ex- 
ample of such a nontrivial background is the Melvin 
background[lJ, which originally appeared as a solution of 
the Einstein-Maxwell system. There the magnetic field, 
which is gravitating, is aligned along one spatial direction 
in four spacetime dimensions. In string theory, there are 
two kinds of magnetic fields coming from NS-NS and R- 
R gauge fields and giving NS-NS Melvin background and 
R-R Melvin background, respectively. The R-R Melvin 
background is often called a fluxbrane. These Melvin 
backgrounds are related by a U-duality. Since the non- 
trivial magnetic fields are gravitating, the spacetime will 
be curved. Nevertheless, in the NS-NS Melvin back- 
ground [2| , one can calculate the exact string spectrum. 
However, in the fluxbrane background, the exact string 
spectrum is not yet available due to the nonperturbative 
effect of the dilaton. 

Because the Killing spinors do not exist in these Melvin 
backgrounds the supersymmetry is generically broken. In 
that case, a closed string has tachyons as a ground state, 
which is a signal of instability. However, if one turns on 
two or more branes that intersect, there is a possibility 
of preserving partial supersymmetry. 

As already has been discussed before in Ref.|3|, the un- 
stable fluxbrane in four dimensions decays into the nu- 
cleation of a pair creation of black holes. This is the 
magnetic analog of Schwinger pair production in an elec- 
tric field. Later, this idea was generalized to general di- 
mensional cases 0, and various decay modes were dis- 
cussed. One of them was the creation of charged or un- 
charged spherical branes, including Witten's bubble of 
nothing 5] . In addition, intersecting fluxbranes were dis- 
cussed, in which the lower-dimensional fluxbranes were 
obtained as a result. These lower-dimensional Melvin 
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backgrounds can be obtained from Kaluza-Kline reduc- 
tion from higher dimensions with a non-trivial identifica- 
tion of the circle. Another way to get a lower dimensional 
fluxbrane is to directly choose a metric ansatz and solve 
the Einstein equation |(J . Recently, this was discussed in 
relation to M-theory in a general case 0] • The technique 
of obtaining magnetic backgrounds in four dimensions 
was applied to M-theory 0. By calculating the partition 
function, type IIA and type OA strings were shown to 
be related by a shift of the magnetic field. This is an 
explicit example of the duality between type IIA theory 
and type OA theory^. From a spin structure argument, 
one can see that the decays are different for type IIA and 
type OA. In a type IIA string, the Melvin background 
decays into the nucleation of a pair of D6 and anti-D6 
branes and for type OA string, it decays into a bubble of 
nothing. More recently, two intersecting fluxbranes and 
their decays were considered in Ref.0. By numerical 
study the Euclidean action was shown to become infi- 
nite, and the fluxbranes were shown not to decay when 
the magnetic fields took on particular value. This is con- 
sistent with the existence of supersymmetry. In the pres- 
ence of more intersecting branes, one can reduce along 
Killing vectors in more ways than as in the single-brane 
case. Thus, there are more decay modes and different 
kinds of brane creations corresponding to each Killing 
vector. Oth er prop erties of fluxbranes are discussed in 

Refs. [is nm mill. 

In general, an Fp-brane in D-dimension has 
ISO(p, 1) x SO(D — p — 1) symmetry and a non-zero 
rank (D — p — 1) field strength, a dual field strength or 
a wedge product of field strengths tangent to the trans- 
verse dimensions. These Fp-branes couple to a D(p-l)- 
brane. When the fluxbranes intersect, the isometry re- 
duces and results in lower-dimensional fluxbrane. In our 
work, we consider four intersecting fluxbranes. In partic- 
ular, we will consider four intersecting seven-dimensional 
fluxbranes called F7-branes. This number of fluxbranes 
is the maximum possible number when we consider the 
positiveness of dimensions of the created branes. This 
maximum number of fluxbranes also comes if one con- 
siders the duality to the NS-NS Melvin background and 
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its orbifold limit: by taking appropriate limits, we can 
obtain orbifolds like C r /Z„, and r = 4 is the maximum 
value for r in 10-dimensions [T^J- If we consider five in- 
tersecting fluxbranes, we get a fluxbrane with a negative 
(— 1) dimension, which has no interpretation in string 
theory. As can be expected, as we increase the num- 
ber of intersecting fluxbranes, there are more ways of 
reduction corresponding to each Killing vector. Thus, 
we can see a number of decay modes as a result. We can 
check the existence of the supersymmetry. In an indi- 
rect way, we can construct a partition function for the 
general Melvin background (we have to consider the ex- 
actly solvable NS-NS Melvin background which is U-dual 
to a fluxbrane). Then, this partition function will van- 
ish when the magnetic fields satisfy a particular relation. 
As an example, for four magnetic fields, the partition 
function ^(| vanishes when the magnetic fields satisfy 
B\ = ±£?2 ± Bs ± B4. When the magnetic fields do not 
satisfy this relation, the closed string tachyonic modes 
are present ^t|- For the discussion of the rolling string 
tachyon, see for example Ref.0]. Another way is to di- 
rectly solve the Killing spinor equation. The existence of 
the solution of the Killing spinor equation is known to be 
consistent with a vanishing partition function 19]. 

The rest of the paper is as follows: In Section II, we 
briefly review the Kaluza-Klein magnetic flux tube back- 
ground and its decay. In Section III, we will consider four 
intersecting fluxbranes and their decay. With the inter- 
secting fluxbranes, we can consider more Killing vectors 
and corresponding decay channels. We also calculate the 
Euclidean action. Since we cannot obtain the action as 
an explicit function of magnetic fields, it is not easy to 
analyze the result. However, when we take limits, it is 
much easier to analyze it. In Section IV, we conclude 
with some discussions. 



II. KALUZA-KLEIN MAGNETIC FLUX TUBE 
BACKGROUND AND ITS DECAY 

In Ref. p| , Witten pointed out that the original Kaluza- 
Klein vacuum M4 x S 1 is semiclassically unstable and 
decays into a bubble of nothing. He started with a five- 
dimensional Euclidean flat space, where one direction was 
periodically identified on a circle. The fact that this space 
is unstable can be checked directly by considering fluctua- 
tions around the background, and exponentially growing 
modes are found, i.e., the existence of a (gravitational) 
instanton (or a bounce) solution. In five dimensions, 
the Euclidean Schwarzschild black hole solution acts as 
the bounce solution. Therefore, one can insist that the 
Kaluza-Klein vacuum decay through an instanton into 
the bubble of nothing. One can extend this idea to many 
other cases that have an instanton solution. One triv- 
ial extension is to regard any D-dimensional Euclidean 
Schwarzschild black hole as the bounce solution. 

Now we can generalize Witten's idea to the case with 
a magnetic field. For that purpose, we need to consider 



the Melvin background. The four dimensional Melvin 
universe Q] can be obtained by dimensional reduction 
from five dimensions, 

ds 2 = -dt 2 + dz 2 + dp 2 + p 2 d<t) 2 + (dx 5 ) 2 , (1) 

with nontrivial identification 

(i, z, p,4>,x^) = (t,Z, p, cj) + 2TrniRB + 2irri2, £5 + 2wniR), 

(2) 

where ni, n% € Z and B is the magnetic field. In this case, 
since we have to twist both the cj) and the x§ directions, 
the Killing vector is given by 



d B _d_ 

dx^ 8<j> 



(3) 



The four (from D = 5) reduced dimensions can be read 
by using the general Kaluza-Klein ansatz 



ds 2 D — exp 



exp 



sfD~2 



(dx D + 2A li dx> i y 



from which we can see that the action 
1 



g E ,a V dx tl dx v , (4) 



S 



16nG D 



d D Xy/-gDR{gD) 



(5) 



reduces to 



S = "77, p; / d D - l Xyf=g-[R{g D - X ) 

167tGd_i J 



D-3 



(V</>) 2 - exp 



4VF~2 

D-3 ' 



F 



> (6) 



where 2itRGd-i = Go- This action contains the dila- 
ton tj> and the gauge field strength F^, as well as the 
metric g^ v . The static Melvin solution to this action was 
studied in detail in Ref. . It is described by a dilatonic 
C- metric or Ernst metric |2jj, where two blackholes are 
accelerating in opposite directions in a magnetic back- 
ground. 

In order to get the Melvin metric in four dimensions 
from five dimensions, we introduce <j) = <j) — Bx§ in Eq. 
JTJ in doing the KK reduction with the identification Eq. 
(J2J). Reducing along the Killing vector d/dx$, we get the 
following solutions for the metric and the fields: 



dsj = VA [-dt 2 + dp 2 + dz 2 ] 



exp 



1 



--|]=A = 1 + BV 



-4; 



„2 j 72 



Bp 2 
2A 



(J) 



As we can see, this solution describes a magnetic flux 
tube which is aligned in the z direction and is trans- 
verse to the (p, (p) plane. We can identify it as a flux one 
brane or Fl-brane. In Ref.Q, the decay to the bubble of 



3 



nothing (obtained by reducing along 8/8x5) or the cre- 
ation of black hole pair accelerating in a magnetic back- 
ground (obtained by reducing along d/dx 5 + d/d<j)) was 
discussed. One noticeable point is the fact that the solu- 
tion describing the nucleation of two oppositely charged 
black holes coming from the Kerr instanton is the Ernst 
metric solution. For the creation of a pair of black holes 
(as can be compared to a KK monopole) we need a Kerr 
instanton, which we will discuss below. We can embed 
these into string theory or M-theory. 

Melvin background in M-theory: A Review 
In the rest of this section, we consider the Kaluza-Klcin 
magnetic flux tube background in eleven-dimensions. 
Upon reduction to ten-dimensions, we get the four- 
dimensional analog of Melvin background. Let us begin 
with the 1 1-dimensional metric in cylindrical coordinates: 



ds 2 = -dt 2 + dy m dy m + dx 2 + dp 2 + p 2 d(f> 2 + dz 2 , (8) 

where m = 1, • • • ,6. Now, let us take the following iden- 
tifications: 

(t,y m ,x,p,(j>,z) 

= (t, y m , x,p,<j>+ 2irniRB + 2irri2, z + 2irniR), (9) 

where n\ and ni are integers. If we reduce along the 
Killing vector 



dz ^ dd>' 



(10) 



we get the Melvin background. It is convenient to in- 
troduce the coordinate <fi = <fr — Bz. Using the relation 
between the 1 1-dimensional M-theory metric and the 10- 
dimcnsional string theory metric 



we get 



dsi 



ds 2 u = er — ds 2 w + e~ (dz + 2A fl dx») , (11) 



A(-dt 2 + dy m dy m + dx 2 + dp 2 ) + -±-p 2 d$ 2 , 



e 3 



A=l + p 2 B 2 , Ai 



Bp 2 



* 2k 



(12) 



This is an extension of the Fl brane of Eq. Q and is 
called a seven-dimensional fluxbrane or F7 brane. Here, 
B is calculated from 



B 2 = If^F^\ p=0 . 



(13) 



The condition \B\ <C 1/R is necessary in order to have 
a reliable perturbative string theory (small R) and a 
Kaluza-Klein ansatz (p ^> R). If only bosons are con- 
sidered, the magnetic field B lies within the range 



±<B<±. 
2R ~ 2R 



(14) 



When fermions are included, in order not to change the 
boundary condition (periodic boundary), B lies within 
the following range: 



-i<fl<i. 
R ~ R 



(15) 



Now, let us see the decay of the Kaluza-Klcin magnetic 
background. As mentioned above, the instanton we are 
interested in will be given by the 1 1-dimensional Kerr 
black hole El: 



ds 2 



dy m dy m + dz 2 + sin 2 0(r 2 - a 2 )d(j) 

p , " 2 
—^(dz + a sin 

P 

„2 j/)2 



P 

r z — a z — p 



dr 2 



+ p A dr + r* cos^ 0<*V , 

„2 _,2 „„„2 , 



(16) 



where p 2 = r 1 — a 2 cos 2 9. The apparent singularity is 
at r 2 = r 2 H = p + a 2 . We express the parameters of this 
background as 



B = SL, R= l - = -JL = 



(17) 



where lu = ifl = iB is a Lorentzian angular velocity and 
k is a surface gravity. If we set a to zero the metric 
becomes a fiat 11-dimcnsional Euclidean space. We can 
dimensionally reduce it in two ways: either K = d/dz + 
nd/d(j)OT K' = d/dz+(B±(l/R))d/dz, which have zero 
norm at r = rjj . The reduction can be done by redefining 
cf> = <p — Bz or (/> = <f> — (B ± (l/R))z. The latter case 
is called the shifted instanton. The conical singularity at 
r = th can be removed if z has a period of 2nR. 
We can estimate the decay rate as 



-Ie 



where Ie is the Euclidean action, 



(18) 



I E = Jd^xV-yR-^- Jd^Vh(K-K ). 

(19) 

Here K, is the trace of the extrinsic curvature of the 
boundary, and JCq is the same quantity for the Melvin 
background. For unshifted Kerr instanton, we have 



Ie = 



( nV 6 



R 2 



\8G W J 1 - (BR) 2 



while for a shifted instanton, we have 



Ie = 



7TV 6 

8G 



10 



R 2 



l-(l-\B\Rf 



(20) 



(21) 



In the above, Vg is the volume of a unit 6-sphere. 

Since the Kerr instanton has a topology of M. 2 x S 3 , it 
admits a single-spin structure. After a parallel transport 
around a closed curve at infinity, the spin picks up a 
phase of —e KRaT /^ for both the shifted and the unshifted 
instanton. On the other hand, the magnetic background 
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has a topology of a circle (since M 4 x S 1 ) and thus there 
can be two types of spin structures: 



nRBT 



and 



kRBT 



(22) 



where T is an element of the Lie algebra of Spin(l,10) 
satisfying T 2 = — 1. If we choose the first spin structure 
corresponding to type IIA, the appropriate Kerr instan- 



,-ivRBT 



ton is the shifted one, - e *R(B T i/R)r 
B ± (1/R)), whose Killing vector is K' = K =F j 



(a/ /I 



R 90 



We 



choose the positive sign for a positive B field while we 
choose a negative sign for negative B field. The second 
choice picks an unshiftcd instanton as the decay mode for 
type OA, whose Killing vector is K = + B-J^. The in- 
stanton of type OA decays to Witten's bubble of nothing, 
and that of type IIA decays to pair creation of 6-branes. 



III. FOUR INTERSECTING FLUXBRANES 

The fixed point sets under the Killing vectors isometry 
correspond to branes or decay products after reduction. 
We will apply the results of Ref. 4] to our case. 

In order to discuss the decay of four intersecting 
fluxbranes, we have to consider the 11-dimensional Kerr 
black hole plj with four angular momentum parame- 
ters for each transverse M. 2 . Before studying that, let 
us briefly review intersecting fluxbranes as discussed in 
Rcf. 41. Consider 11-dimcnsional metric 



ds 2 n = £(dp 2 +p 2 d0 2 )+dy 2 . 



(23) 



Since a fluxbrane, for example, Fl in four dimensions, 
can be considered as a magnetic field piercing through 
two transverse plane, intersecting fluxbranes in higher 
dimensions can be obtained by taking two orthogonal 
planes and turning on a magnetic flux on each plane. 
This can be done by the following: We reduce along the 
Killing direction with the Killing field 



K 



d_ 

dy 



d 



(24) 



Then, the reduced 10-dimensional metric will be 

r 2 S 



ds 



10 



A 




e v? 



(27) 



The case of a F7-brane arises when only one direction is 
chosen. In this case, the F7-brane in 11-dimension has 
ISO(7, 1) x SO(3) symmetry and a non-zero-rank three 
field strength, a dual field strength, or a wedge product 
of field strengths tangent to the transverse dimensions. 
From the above general result, the extension to four Bi 
nonzero, which is our main consideration here, by reduc- 
ing the Poincare symmetry with the choice of the four 
(f>i, is easy. As a result of turning on more magnetic pa- 
rameters, the dimensionality of the resulting fluxbrane is 
reduced. 

Now, let us discuss the decay of four intersecting 
fluxbranes. The 11-dimcnsional metric we are consid- 
ering with four angular-momentum parameters is given 

by m 

ds 2 n = dz 2 + £(r 2 - a 2 )(dtf + M f#?) 



i=l 

„2/j,,2 . ,.2j,2\ 



+ r'(d4+ t iid<j) z 5 ) + 



UF 



(dz 2 + £ 



II — /ir 2 

2 ji \2 



dr z 



where 

n 

and 



E 



2 2 

,2 - a 2 



(28) 



(29) 



(30) 



If 4>i — cf>i — Biy is introduced, the new Killing field will 
be K' = d/dy. We rewrite the metric as 



ds 2 = A 




where 



E(^ 2 + p 2 



a = i + J2b 2 p 2 . 



, ""Pi 



) 

(25) 
(26) 



with the constraint of 



4 



(31) 



To avoid a conical singularity at r = r# , we must identify 
the coordinates as 

z = z + 2irR, 

<j>i = & + 2ira,iR+ 2irmi, (i = 1,2,3,4), (32) 



where 



R 



W{r H ) - 2fir H 



(33) 
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and 



Reduction along the Killing vector 



S = r H [4r% - 3r% {a\ 



+ 2r 2 H {{a\ + a 2 2 ){al + a\) + a\al + ala\)) 

— (a 2 + a\)a\a\ — (a 3 + a^a^af] (34) 

which can be rewritten as 

r H [(rl-al)(rl-at)(r 2 H -at)+(2, 3, 4)+(l, 3, 4)+(l, 2, 4)], 

. (35) 

with k) meaning {r 2 ^ — a 2 ){r 2 H — a 2 ){r 2 H — a 2 .) in the 
brackets. In the asymptotic limit, the solution goes to 
flat spacetime with non-trivial identification. In this re- 
gion, the solution looks like the Euclidean 1 1-dimensional 
intersecting fluxbrane (Fl) solution. This causes us to 
identify the magnetic fields as 

Bi = Q.i for i= 1,2,3,4. (36) 



A. Spin Structure and Decay of Fluxbranes 

As we saw in the previous section, the Killing vector 
is important if we want to consider the decays of the 
fluxbrane. It determines whether the result is type IIA 
or type OA and the types of branes created. The types of 
nucleation depend on the fixed point sets of the Killing 
vector. 

Now we briefly see what the fixed point sets are and 
how they are related to the decay product by looking 
into the examples summarized in Ref.Q and references 
therein. Consider the isometry generated by the Killing 
vector K. For the associated Killing field f a , we define 



fab — fa;b- 



(37) 



At a fixed point, f a = 0. In addition, let the kernel of f a b 
have dimension p. The vectors in the kernel are directions 
in the tangent space at the fixed point and are invariant 
under the action of the symmetry. The p-dimensional 
subspace of fixed points is what will be nucleated after 
decay of fluxbranes. In four dimensions, p = is called a 
'nut', and p = 2 is called a 'bolt'. The simple example is 
a five-dimensional Euclidean Schwarzschild solution: 



ds 2 



dz< + ( 1 
r 2 (d6 2 



2m 
r 



dr 2 

2 ), 



2m 
r 



dr 2 



(38) 



where r has period 2ttR with R = 4m. If we reduce 
along the Killing vector d/dr, we find a minimum of 
two-sphere or bolt as the fixed point set of that cir- 
cle action. Consider now the alternative Killing vector 
d/dT+(l/R)d/d<j). This has fixed points at the north and 
the south poles, being nut(6> = 0) and anti-nut(# = 7r), 
respectively. We apply this idea to following decays: 

In our case of four intersecting fluxbranes, various 
kinds of Killing vectors and the corresponding decays can 
be considered. Now let us consider them one by one. 



Ka 



d_ 

dz 



(39) 



The result will give Hj = Qj (i = 1, • • • 4) and the 
fixed-point set is a 9-sphere (entire horizon), which 
is just Witten's bubble of nothing. From a con- 
sideration of the spin structure, this results in a 
type-OA theory. 



• Reduction along the Killing vector 

1 d 



Kit 



(40) 



The result will give magnetic fields Bi — Hi =p and 
Bj^i — Qj^i. There are four (4C1) types of decays, 
and the fixed point set is a charged spherical 6- 
brane. From a consideration of the spin structure, 
this results in a type IIA theory. 



Reduction along the Killing vector 

„ „ Id Id ... 
K 3 = K x T 7:t- T n^TT> l ^J- 



R, 



R, 



(41) 



There are six types (4C2) of decays. The result will 
give magnetic fields Bi = Slj =p -i and Bj — fljT^, 
and the fixed point sets are uncharged spherical 4- 
branes. From a consideration of the spin structure, 
this results in type OA theory. 



• Reduction along the Killing vector 

19 19 19 
K i T -— T -— T 



Ri 



R, 



R, 



i^j^k. (42) 



There are four (4C3) types of decays. The result 
will give magnetic fields = &i,j,k T ^> an d 

the fixed point set is a uncharged spherical 2-branc. 
From the spin structure, this results in a type IIA 
theory. 



Reduction along the Killing vector 



(43) 



There is a single (4C4) type of decay. The result 
will give magnetic fields Bi — fij =p Jj, and the 
fixed point set is an uncharged 0-brane. From a 
consideration of the spin structure, this results in 
a type OA theory. 

The first, the second, and the fifth cases are of the type 
that were considered in Ref. . The third and the fourth 
cases are new ones, which are due to the intersection of 
more than two fluxbranes. 
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Calculation of the Action 



where 



The decay rate of the fluxbranes is equal to the cre- 
ation rate of the spherical D-branes and is given by b~ Ie . 
To see this explicitly, we have to calculate the Euclidean 
action. For this calculation, we apply the method in- 
troduced in Ref. 4] . The instanton we are considering is 
Ricci flat, and the contribution to the action is zero. Thus 
the only non-vanishing action comes from the boundary 
term 



Ieai — —-, 



1 



d w xVh(IC - /C ), (44) 



where h is the determinant of the induced metric on a 
constant r surface, /C is the extrinsic curvature of this 
metric, and /Co is the extrinsic curvature of the reference 
background (in our case fx = 0). 

The induced metric r = can be written as follows: 

4 

ds 2 1Q = dz 2 + Y,(r 2 - aj)(d£ + tfdcf 2 ) 

i=l 

2 4 

+r 2 (dfi 2 + n\d4\) - ^-(dz + aiM?#i) 2 ,(45) 



where we have to put 



Ml 



= d/i§ = (J>d/i,) 2 (46) 



i=l 



in the metric. 

We will use the relation 

VhIC = hVh, (47) 
where the unit normal vector n is given by 



II — fir 2 d 
UF dr' 



(48) 



From the given metric, we can get the determinant \fh, 
which is given as follows: 

4 

Vh = ([[ ^)V( r8 + Dr6 - O 4 + Br 2 - A)(U - /zr 2 ), 

(49) 



A = (IN J (Erf)-*). 
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C = aWM 2 i -1), 



(50) 



Notice that for the case of two intersecting fluxbranes 
(a 3 = «4 = 0), our result reduces to the one in Ref.0, 
i.e., 

A = 0, B = ai, C = a\a\(ii\ + fi% - 1), 

D = al(fj,l-l)+a 2 2 (n 2 2 -l). (51) 

We can evaluate yhK — h\fh as 



iVh = 



(n - fir 2 ){8r 7 + 6Dr 5 - ACr 3 + 2Br) 
X \/r 8 + Dr e - Cr A + Br 2 =~I 

(r 8 + Dr 6 - Cr* + Br 2 - A) (IT - 2/xr) . 
Vr 8 + Dr 6 - Cr A + Br 2 - A 

Since wc can take the limits 



(52) 



li,n^-=l-i4. (53) 



2r 8 



Vh 



we can obtain the integrand in the boundary term as 
lim y/h(K - /C ) 

r — >oo 

= lim ( hVh,- hVh\^ =0 + -^hVhl^o 



2r 8 



—hVh+ --^hVh\a=o I M- 
o/j, zr 



(54) 



This becomes 



hm [i 



-r 2 (8r 7 + 6Dr 5 - ACr 3 + 2Br) + (r r + Dr 6 - Cr 4 + Br 2 - A){-2r) 



+ 



1 1 II(8r 7 + 6Dr 



ACr 3 



- Dr 6 - Cr A 
2Br) + (r 8 - 



-Br 2 
Dr 6 



A) 
Cr A 



Br 2 - A)W 



2r 8 



v /nF(r 8 + Dr e - Cr 4 + Br 2 - A) 



(55) 
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Surprisingly, the final result is simplified to 



lim \/h{K, — /Co) 



-/<■ 



(56) 



This final result looks exactly like the result obtained in 
Ref. j9( but it is, in fact, different in that our /i con- 
tains four magnetic parameters instead of two. Our re- 
sult is the most general one in that in ten-dimensional 
string theory or eleven dimensional M-theory, the up- 
per limit on the number of intersecting fluxbrane is 
four;furthermore, by turning off the magnetic param- 
eters, we get results that reduce to lower-dimensional, 
known decays of two intersecting fluxbranes or a single 
fluxbrane. 

Now, we are ready to calculate the action. After 
putting all these into the action, we get 
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(57) 



167rGio 
where we define 

Vg — J d(f>i ■ ■ ■ dtps J d^i ■ ■ ■ d/i4 /ii • • • /i4 (58) 

as the volume of a unit 9-sphere and we have used 
Gio = 2irRG$. Now let us analyze the action by tak- 
ing particular limits. As in Eq. (|31|) . ct^s, R and /i have 
complicated relations and it is not easy to directly see the 
behavior of the action just as for the single-brane case. It 
is not possible to express the action as magnetic fields as 
before. Hence, in order to read some physics we discuss 
some particular limits. As done in Ref. Q or 0, if one 
can figure out the behavior or diagram (say for shifted 
or unshifted) of the action, one can draw or figure out 
the action by shifting the diagram or the values of the 
action corresponding to each Killing vector. In our case, 
we start first with a Killing vector without shifting and 
continue to other Killing vectors with increasing number 
of shifts. 

First, consider the case without a shifting in the mag- 
netic parameters, say the unshifted instanton. Note that 
the angular velocities fli 's are given by 

tk = ^> 



' H 



where i j =/= k I. 
Multiplying Eq. (J33J by R gives 



(59) 



a i(r 2 H - a 2 j)(r 2 H ~ ^l)( r H ~ of) 



where i ^ j ^ k ^ I. 



Let us take the limits 



±00, Ctj^i 



constant <C cti 



(60) 



(61) 



In this limit we have to take r# — > |a, | to keep R fixed (in 
this way only one of the terms survives in Eq. (|35|l among 
the four terms, and this cancels the denominator), and 
in order to keep the radius (R) fixed, take [i — ► i?|aq| 7 . 

For example, take i = 1, that is, consider oti — > ±oo. 
Then the other a's are too small to be negligible. To 
keep R fixed, take Th — * \a±\ and /i — > i?|ai| 7 . Then, 
three terms in Eq. (|35[1 vanish, but the (2,3,4) term 
does not. Therefore, £liR becomes ±1 in the above limit. 
This critical point is one of several critical points in which 
supersymmetry restores and generalizes the cases for only 
one magnetic parameter 0, or two 0] , depending the 
number of fluxbranes. We can follow the same procedure 
for the other a's. In this way, we find that the action 
diverges due to dependence of ji. 

In summary, with the help of Eq. I|35|) , by taking the 
limit on — > oo, we arrive at 



UiR —>■ ±1, Qj=£i —> and /i — * R\oii 



(62) 



Thus, in this limit, the Euclidean action Jg goes to in- 
finity so that the decay rate vanishes, and no decay will 
happen. Since the parameter space spanned by the BiR 
is 4-dimensional, it is difficult to plot the values of Jg 
as a function of BiR's. However, we can easily see that 
the value of the action diverges at the following points: 
(±1,0,0,0), (0,±1,0,0), (0,0, ±1,0), and (0,0,0, ±1), 
where ±1 is a value of B^R. The value of Ie decreases 
smoothly off the divergent peaks. This result corresponds 
to a type OA theory, and there are eight points at which 
such a divergence occurs. Now, let us see the next decay 
mode with one shifted direction. 

In this case, it is enough to shift the magnetic pa- 
rameters VLiR — > 1 ± ViiR for each direction. The max- 
imum point where the action diverges is now shifted. 
For instance, if we reduce along the 1-direction, then 
the above points are shifted to (0,0,0,0), (±1, ±1,0,0), 
(±1,0, ±1,0), and (±1,0,0,±1). This results in a type 
IIA theory. When we act further, one more shifting, 
we get the result for the third decay mode: For the 
reduction along the 1 and the 2 directions, the result 
we have peaks at the points (0, ±1,0,0), (±1,0,0,0), 
(±1, ±1, ±1, 0), and (±1, ±1, 0, ±1), corresponding to a 
type OA theory. For the reduction along the direc- 
tions 1, 2, and 3 we have (0, ±1, ±1,0), (±1,0, ±1,0), 
and (±1, ±1,0,0), (±1, ±1, ±1, ±1), corresponding to a 
type IIA theory. For the reduction along all directions 
we have (0, ±1, ±1, ±1), (±1, 0, ±1, ±1), (±1, ±1, 0, ±1), 
and (±1, ±1, ±1, 0), corresponding to a type OA theory. 
We summarize this simple example in Table 1. (Remem- 
ber that for Killing vector K\ there is no shift in the 
parameters ViiRi. For other Killing vectors, QiRi has to 
be shifted to 1 ± iliRi for corresponding directions): 

So far, we considered the diverging points by taking 
particular examples. The interesting case is when the 
reduction is done to an odd number of directions. These 
correspond to type IIA theories. When three directions 
are chosen, the maximum diverging action occurs when 
B\ = ±i?2 = ±-03 = ±£>4. This can also be represented 
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TABLE I: Divergent points of the Euclidean action Ie,u for each Killing vectors 



Killing Vector 



Divergent points of 7 n (Q\Ri, f^Tfe, Q4R4,) 



K, 



(±1,0,0,0) 
(0,0,0,0) 
(0, ±1,0,0) 
(0,±1,±1,0) 
(0,±1,±1,±1) 



(0, ±1,0,0) 
(±1, ±1,0,0) 
(±1,0,0,0) 
(±1,0, ±1,0) 
(±1,0,±1,±1) 



(0,0, ±1,0) 
(±1,0, ±1,0) 
(±1,±1,±1,0) 
(±1, ±1,0,0) 
(±1,±1,0,±1) 



(0,0,0,±1) 
(±1,0,0,±1) 
(±1,±1,0,±1) 

(±1,±1,±1,±1) 

(±1,±1,±1,0) 



by B 1 = ±B 2 and B 3 = ±B 4 or B x = ±B 2 ± B 3 ± B 4 . 
Of course this result contains the case of one reduced 
direction (second case of the above decay) which results 
in Bi = ±Bj (-Bothers = 0). Our result is consistent with 
the result of the Killing spinor consideration 19j. 

IV. CONCLUSION AND DISCUSSION 

We have considered four intersecting fluxbranes and 
investigated the decay modes by looking into the fixed 
point sets of the Killing vectors and the spin structures. 
There are more decay channels because there are more 
Killing vectors in the four-intersecting-fluxbrane case 
compared to the case of a single or two fluxbrane decay . 
As a result, we obtained various kinds of branes, includ- 
ing the ones obtained in Ref. The new ones are 
spherical 4- and 2-branes and a 0-brane. 

Because of the complicated relation between the mag- 
netic field parameters and the parameters appearing in 
the action, we do not have an explicit relation of the 
action in terms of the magnetic field parameters. Since 
the decay rate of the fluxbranes should be equal to the 
creation rate of the branes, we can, in principle, calcu- 
late the action by calculating the DBI action in a type 
IIA case, and which will give the result for small mag- 
netic fields. The calculation for the single- fluxbrane case 
was done in Ref. 7]. Extending such a calculation to an 
intersecting case would be difficult. 

Formerly, the Kerr instanton was considered to get a 
pair creation of black holes in a Melvin background. In 
our case, we obtained a spherical brane, which is a fixed 
point set, as a result of decays and obtained a finite action 



that gave a finite decay rate, except for some diverging 
values. Note that in the case of F7-brane decay, a spher- 
ical 6-brane is created and can be interpreted as a D6- 
brane. However, in considering intersecting fluxbranes 
our procedure does not generate RR gauge fields that 
couple to some lower D-branes. It will be interesting 
to see their stability, i.e., to check whether the created 
spherical branes will expand, be stable, or shrink. As 
m Ref.[H one can also consider a time-dependent back- 
ground, such as a de Sitter background, as a result of 
decay from the Kerr instanton. One can further consider 
some other gravitational instantons and their decays. 
Other interesting cases are a consideration of the electric- 
magnetic duality of the same theory. In the current paper 
we considered and obtained magnetically charged cases. 
By duality, one can obtain electrically charged branes 
and the construction of fluxbranes that couple Dp — Dp. 
It is well understood that the F7-brane plays a role in 
stabilizing the D6 — D6. 
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